



















06 B(0, N)-graded Lie superalgebras
coordinatized by quantum tori
Hongjia Chen, Yun Gao∗, Shikui Shang
Abstract
We use a fermionic extension of the bosonic module to obtain a
class of B(0, N)-graded Lie superalgebras with nontrivial central ex-
tensions.
0 Introduction
B(M − 1, N)-graded Lie superalgebras were first investigated and clas-
sified up to central extension by Benkart-Elduque (see also Garcia-Neher’s
work in [GN]). Those root graded Lie superalgebras are a super-analog of root
graded Lie algebras. Fermionic and bosonic representations for the affine
Kac-Moody Lie algebras were studied by Frenkel [F1,2] and Kac-Peterson
[KP]. Feingold-Frenkel [FF] constructed representations for all classical affine
Lie algebras by using Clifford or Weyl algebras with infinitely many gener-
ators. They also obtained realizations for certain affine Lie superalgebras
including the affine B(0, N). [G] gave bosonic and fermionic representations
for the extended affine Lie algebra ˜glN(Cq), where Cq is the quantum torus in
two variables. [CG] constructed modules for some BCN -graded Lie algebras
by considering a fermionic extension of the fermionic module.
In this paper, we will consider a fermionic extension of the bosonic module
to obtain a class of B(0, N)-graded Lie superalgebras with nontrivial central
extensions.
∗Research was partially supported by NSERC of Canada and Chinese Academy of
Science. This paper is dedicated to Professor Sheng Gong on the occasion of his 75th
birthday.
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The organization of the paper is as follows. In Section 1, we review
some basics on the quantum torus and present examples of B(0, N)-graded
Lie superalgebras coordinatized by quantum tori which are subalgebras of
̂gl(1, 2N)(Cq). In Section 2, we use bosons and fermions to construct repre-
sentations for those examples of B(0, N)-graded Lie superalgebras.
Throughout this paper, we denote the field of complex numbers and the
ring of integers by C and Z respectively.
1 B(0,N)-graded Lie superalgebras
We first recall some basics on quantum tori and then go on to present
examples of B(0,N)-graded Lie superalgebras coordinatized by quantum tori.
For more information on Lie superalgebras graded by root systems, see [BE1]-
[BE2] and [GN].
Let q be a non-zero complex number. A quantum torus associated to q
(see [M]) is the unital associative C-algebra Cq[x
±, y±](or, simply Cq) with
generators x±, y± and relations
(1.1) xx−1 = x−1x = yy−1 = y−1y = 1 and yx = qxy.
Set Λ(q) = {n ∈ Z|qn = 1}. From [BGK] we see that [Cq,Cq] has a basis
consisting of monomials xmyn for m /∈ Λ(q) or n /∈ Λ(q).
Let ¯ be the anti-involution on Cq given by
(1.2) x¯ = x, y¯ = y−1.




q , where C
±
q = {s ∈ Cq|s¯ = ±s}, then
(1.3)
C+q = span{x
myn + xmyn|m ∈ Z, n ≥ 0},
C−q = span{x
myn − xmyn|m ∈ Z, n > 0}.
LetM,N be two positive integers. We have a Lie superalgebra gl(M,N)(Cq)
of (M +N) by (M +N) matrices with entries from Cq.
We form a central extension of Lie superalgebra gl(M,N)(Cq) as was
done in [G] and [CG].









[A(xmyn), B(xpys)]s = A(x
myn)B(xpys)− (−1)degAdegBB(xpys)A(xmyn)
+mqnpstr(AB)δm+p,0δn+s,0c(n+ s) + nq
npstr(AB)δm+p,0δn+s,0cy
for m, p, n, s ∈ Z, A, B ∈ gl(M,N)α, α = 0¯ or 1¯, where str is the super-trace
of the Lie superalgebra gl(M,N), c(u) with u ∈ Λ(q) and cy are central
elements of ̂gl(M,N)(Cq), t means t ∈ Z/Λ(q), for t ∈ Z.
Now we present the examples of Lie superalgebra graded by the root







 1 0 00 0 IN
0 −IN 0
 ∈M2N+1(Cq).
Then, G and J are invertible (2N +1)× (2N +1)-matrices. Using the matrix
G and J , we define a superspace S with:
S0¯ = {X ∈ gl(1, 2N)(Cq)0¯|X¯
tG+GX = 0}
S1¯ = {X ∈ gl(1, 2N)(Cq)1¯|X¯
tG− JGX = 0}
We can easily see that S is a subalgebra of gl(1, 2N)(Cq) over C. The
general form of a matrix in S is
(1.6)
 a b cc¯t A S
−b¯t T −A¯t
 with a¯ = −a S¯t = S and T¯ t = T,
where A, S, T areN×N sub-matrices. Then the Lie superalgebra G = [S,S]s,
is a B(0,N)-graded Lie superalgebra.
As in [AABGP], we easily know that:









then H is a N -dimensional abelian subalgebra of G. Defining δi ∈ H
∗, i =







for i = 1, · · · , N . Setting Gα = {x ∈ G|[h, x]s = α(h)x, for all h ∈ H} as
usual, we have












Gδi−δj = spanC{f˜ij(m,n) = x
myneij − xmyneN+j,N+i|m,n ∈ Z},
Gδi+δj = spanC{g˜ij(m,n) = x
mynei,N+j + xmynej,N+i|m,n ∈ Z},
G−δi−δj = spanC{h˜ij(m,n) = −x
myneN+i,j − xmyneN+j,i|m,n ∈ Z},
G2δi = spanC{g˜ii(m,n) = (x
myn + xmyn)ei,N+i|m,n ∈ Z},
G−2δi = spanC{h˜ii(m,n) = −(x
myn + xmyn)eN+i,i|m,n ∈ Z},
Gδi = spanC{e˜i(m,n) = −x
mynei,0 − xmyne0,N+i|m,n ∈ Z},
G−δi = spanC{e˜
∗
i (m,n) = x
myneN+i,0 − xmyne0,i|m,n ∈ Z}
and
G0 = spanC{f˜ii(m,n)+e˜0(m,n), e˜0(p, s)|1 ≤ i ≤ N,m, n ∈ Z, p /∈ Λ(q) or s /∈ Λ(q)}
where e˜0(m,n) = −(x
myn − xmyn)e0,0.
We then have a central extension of G






with bracket as (1.5).
We have
Proposition 1.1
(1.12) [g˜ij(m,n), g˜kl(p, s)]s = 0
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(1.13)
[g˜ij(m,n), f˜kl(p, s)]s = −δilq
msg˜kj(m+ p, n+ s)− δjlq
(s−n)mg˜ki(m+ p, s− n)
[g˜ij(m,n), h˜kl(p, s)]s
= −δikq
−n(m+p)f˜jl(m+ p, s− n)− δjkq
npf˜il(m+ p, n+ s)
−δilq
−(mn+np+ps)f˜jk(m+ p,−(n + s))− δjlq
(n−s)pf˜ik(m+ p, n− s)(1.14)
+mqnpδjkδilδm+p,0δn+s,0(c(n+ s) + c(−n− s))
+mδikδjlδm+p,0δn−s,0(c(n− s) + c(s− n))




k(p, s)]s = −δikq
−n(m+p)e˜j(m+ p, s− n)− δjkq
npe˜i(m+ p, n+ s)
(1.17) [g˜ij(m,n), e˜0(p, s)]s = 0
[f˜ij(m,n), f˜kl(p, s)]s = δjkq
npf˜il(m+ p, n+ s)− δilq
smf˜kj(m+ p, n+ s)
−2mqnpδjkδilδm+p,0δn+s,0c(n + s)(1.18)
(1.19)
[f˜ij(m,n), h˜kl(p, s)]s = −δikq
−n(m+p)h˜jl(m+p, s−n)− δilq
msh˜kj(m+p, n+ s)
(1.20) [f˜ij(m,n), e˜k(p, s)]s = δjkq
npe˜i(m+ p, n+ s)
[f˜ij(m,n), e˜
∗
k(p, s)]s = −δikq
−n(m+p)e˜∗j (m+ p, s− n)(1.21)
(1.22) [f˜ij(m,n), e˜0(p, s)]s = 0
5
(1.23) [h˜ij(m,n), h˜kl(p, s)]s = 0
(1.24)
[h˜ij(m,n), e˜k(p, s)]s = δjkq
npe˜∗i (m+ p, n+ s) + δikq
−n(m+p)e˜∗j (m+ p, s− n)
(1.25) [h˜ij(m,n), e˜
∗
k(p, s)]s = 0
(1.26) [h˜ij(m,n), e˜0(p, s)]s = 0
(1.27) [e˜i(m,n), e˜k(p, s)]s = q





−n(m+p)e˜0(m+ p, s− n) + q
p(n−s)f˜ik(m+ p, n− s)(1.28)
−mδikδm+p,0δn−s,0(c(n− s) + c(s− n))
(1.29) [e˜i(m,n), e˜0(p, s)]s = −q
npe˜i(m+ p, n+ s) + q
p(n−s)e˜i(m+ p, n− s)
(1.30) [e˜∗i (m,n), e˜
∗
k(p, s)]s = q
m(s−n)h˜ki(m+ p, s− n)
(1.31) [e˜∗i (m,n), e˜0(p, s)]s = −q
npe˜∗i (m+ p, n + s) + q
p(n−s)e˜∗i (m+ p, n− s)
[e˜0(m,n), e˜0(p, s)]s(1.32)
= −(qnp − qsm)e˜0(m+ p, n+ s)− (q
m(s−n) − q−n(m+p))e˜0(m+ p, s− n)
+mqnpδm+p,0δn+s,0(c(n+ s) + c(−n− s))
−mδm+p,0δn−s,0(c(n− s) + c(s− n))
for all m, p, n, s ∈ Z and 1 ≤ i, j, k, l ≤ N .
Remark 1.1 For our situation in the decomposition of B(0, N)-graded Lie




2 The module construction
In this section, we follow the method in [G] and [CG] to construct repre-
sentations for the Lie superalgebras which are given in Section 1. The idea
goes back to [FF].
Let R be an associative algebra. Let ρ = ±1. We define a ρ-bracket on
R as follow:
(2.1) {a, b}ρ = ab+ ρba, a, b ∈ ℜ.
It is easy to see that
(2.2) {a, b}ρ = ρ{b, a}ρ
for a, b, c ∈ R.
Define a to be the unital associative algebra with 2N generators ai, a
∗
i , 1 ≤
i ≤ N , subject to relations




j}− = 0, and {ai, a
∗
j}− = −δij .






i ), m ∈ Z}
with the relations
(2.5) {u(m), v(n)}− = {u, v}−δm+n,0.
The normal ordering is defined as in [FF](see also [F2] or [CG]).
(2.6)
: u(m)v(n) : =







if n = m,
v(n)u(m) if n < m,
= : v(n)u(m) :
for n,m ∈ Z, u, v ∈ a.
Next we consider an extension of the algebra α(N,−). The generators
(2.7) {e(m)|m ∈ Z}
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span an infinite-dimensional Clifford algebra with relations
(2.8) {e(m), e(n)}+ = e(m)e(n) + e(n)e(m) = −δn+m,0.
Let ατ (N) denote the algebra obtained by adjoining to α(N,−) the genera-
tors (2.7) with relations (2.8) and
(2.9) {ai(m), e(n)}τ = 0 = {a
∗
i (m), e(n)}τ , for τ = ±1.










if n = m,
−e(n)e(m) if n < m,
,
: ai(m)e(n) := ai(m)e(n) = −τe(n)ai(m),
: a∗i (m)e(n) := a
∗
i (m)e(n) = −τe(n)a
∗
i (m),
for n,m ∈ Z, 1 ≤ i, j ≤ N. Set
(2.11) θ(n) =

1, for n > 0,
1
2
, for n = 0,
0, for n < 0,
then 1− θ(n) = θ(−n).
We have
(2.12)
: ai(m)aj(n) := ai(m)aj(n) = aj(n)ai(m),
: a∗i (m)a
∗













j (n) =: ai(m)a
∗
j (n) : −δijδm+n,0θ(m− n),
a∗j (n)ai(m) =: ai(m)a
∗
j (n) : +δijδm+n,0θ(n−m),
e(m)e(n) =: e(m)e(n) : −δm+n,0θ(m− n).





n,m > 0, and 1 ≤ i, j, k ≤ N. Let α(N,−)− be the subalgebra generated by
ai(n), a
∗
j (m), ak(0), for n,m < 0, and 1 ≤ i, j, k ≤ N. Those generators in
α(N,−)+ are called annihilation operators while those in α(N,−)− are called
creation operators. Let V (N,−) be a simple α(N,−)-module containing an
8
element v0, called a “vacuum vector”, and satisfying
(2.14) α(N,−)+v0 = 0.
So all annihilation operators kill v0 and
(2.15) V (N,−) = α(N,−)−v0.
Let V0 be a simple Clifford module for the Clifford algebra generated by
(2.7) with relations (2.8) and containing “vacuum vector” v′0, which is killed
by annihilation operators.(Here we call e(m) annihilation operator if m > 0,
or a creation operator if m < 0. e(0) acts as scalar.) Because of (2.9), we see
that the ατ (N)-module

































−ns : e(m− s)e(s) : .(2.22)
We will list only those commutation relations involving e(s) (See [CG]).
Lemma 2.1 We have
(2.23) [ai(m)aj(n), ak(p)e(s)] = [ai(m)aj(n), e(p)e(s)] = 0
(2.24) [ai(m)aj(n), a
∗
k(p)e(s)] = −δikδm+p,0aj(n)e(s)− δjkδn+p,0ai(m)e(s)
(2.25) [ai(m)a
∗



















l (s)] = 0
(2.28) [a∗i (m)a
∗
j(n), ak(p)e(s)] = δjkδn+p,0a
∗











j (n), e(p)e(s)] = 0






(2.32) [ai(m)e(n), e(p)e(s)] = δn+s,0ai(m)e(p)− δn+p,0ai(m)e(s)













= −δn+p,0e(m)e(s) + δm+p,0e(n)e(s)− δn+s,0e(p)e(m) + δm+s,0e(p)e(n)
for m,n,p,s ∈ Z and 1 ≤ i, j, k, l ≤ N .
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Proof We only check some of them.















































[e(m)e(n), e(p)e(s)] = e(m)e(n)e(p)e(s)− e(p)e(s)e(m)e(n)
= e(m)(−δn+p,0 − e(p)e(n))e(s)− e(p)e(s)e(m)e(n)
= −δn+p,0e(m)e(s)− e(m)e(p)e(n)e(s)− e(p)e(s)e(m)e(n)
= −δn+p,0e(m)e(s)− (−δm+p,0 − e(p)e(m))e(n)e(s)− e(p)e(s)e(m)e(n)








= −δn+p,0e(m)e(s) + δm+p,0e(n)e(s)− δn+s,0e(p)e(m) + δm+s,0e(p)e(n).
So (2.30),(2.31),(2.32) and (2.35) hold true. 
In what follows we shall mean q
mn−1
qn−1
= m if n ∈ Λ(q). This will make our
formula more concise.
Next we list all brackets that are needed. For all m, p, n, s ∈ Z and
1 ≤ i, j, k, l ≤ N ,
Proposition 2.1
[gij(m,n), gkl(p, s)] = 0
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Proposition 2.2
[gij(m,n), fkl(p, s)] = −δilq
msgkj(m+ p, n+ s)− δjlq




−n(m+p)fjl(m+ p, s− n)− δjkq
npfil(m+ p, n+ s)
−δilq
−(mn+np+ps)fjk(m+ p,−(n + s))− δjlq














[gij(m,n), ek(p, s)] = [gij(m,n), e0(p, s)] = 0
[gij(m,n), e
∗
k(p, s)] = −δikq
−n(m+p)ej(m+ p, s− n)− δjkq
npei(m+ p, n+ s)
Proposition 2.5
[fij(m,n), fkl(p, s)] = δjkq
npfil(m+ p, n+ s)− δilq









[fij(m,n), hkl(p, s)] = −δikq
−n(m+p)hjl(m+ p, s− n)− δilq
mshkj(m+ p, n+ s)
Proposition 2.7
[fij(m,n), ek(p, s)] = δjkq
npei(m+ p, n+ s)
[fij(m,n), e
∗
k(p, s)] = −δikq
−n(m+p)e∗j (m+ p, s− n)
[fij(m,n), e0(p, s)] = 0
Proposition 2.8
[hij(m,n), hkl(p, s)] = 0
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Proposition 2.9
[hij(m,n), ek(p, s)] = δjkq
npe∗i (m+ p, n+ s) + δikq
−n(m+p)e∗j(m+ p, s− n)
[hij(m,n), e
∗
k(p, s)] = [hij(m,n), e0(p, s)] = 0
Proposition 2.10
{ei(m,n), ek(p, s)}+ = τq
m(s−n)gki(m+ p, s− n)
{ei(m,n), e
∗
k(p, s)}+ = τδikq
−n(m+p)e0(m+ p, s− n) + τq







[ei(m,n), e0(p, s)] = −q
npei(m+ p, n+ s) + q




k(p, s)}+ = τq
m(s−n)hki(m+ p, s− n)
[e∗i (m,n), e0(p, s)] = −q
npe∗i (m+ p, n+ s) + q
p(n−s)e∗i (m+ p, n− s)
Proposition 2.12
[e0(m,n), e0(p, s)]












We only give proofs for 2.10 and 2.12. The proof for the others is either
similar or easy.
Proofs of 2.10 and 2.12:
















By (2.30),(2.31),(2.32) and (2.35), we have






nsa∗k(p)ai(m+ s) + τδikq
−n(m+p)e(m+ p)e(s),









−st : ak(p− t)e(t) :}+ = τq
nt−stak(p− t)ai(m+ t)
= τqm(s−n)q−(s−n)(m+t)ak(p− t)ai(m+ t)
= τqm(s−n)q−(s−n)(m+t) : ak(p− t)ai(m+ t) :,
{ei(m,n), q




−n(m+p−t)e(m+ p− t)e(t) + τqnta∗k(p− t)ai(m+ t)
)
= τδikq










k(p− t) : +δikδm+p,0θ(p−m− 2t)
)
= τδikq










−st : e(p− t)e(t) :]
= q−st
(
qn(p−t)ai(m+ p− t)e(t) + q
ntai(m+ t)e(p− t)
)
= −qnpq−(n+s)t : ai(m+ p− t)e(t) : +q




−st : e(p− t)e(t) :]
= −q−st
(
(qn(p−t) − q−n(m+p−t))e(m+ p− t)e(t)− (qnt − q−n(m+t))e(p− t)e(m+ t)
)
= −q−st(qn(p−t) − q−n(m+p−t))
(




: e(p− t)e(m+ t) : −δm+p,0θ(p−m− 2t)
)
= −qnpq−(s+n)t : e(m+ p− t)e(t) : +q−n(m+p)q−(s−n)t : e(m+ p− t)e(t) :











by (2.36), we see that Proposition 2.10 and 2.12 hold true. 
To find the correspondence of the homomorphism, we need to modify our
operators by shifting some central elements.
For Proposition 2.3, we see that, if n + s ∈ Λ(q) and n− s ∈ Λ(q),
[gij(m,n), hkl(p, s)]
= −δikq
−n(m+p)fjl(m+ p, s− n)− δjkq
npfil(m+ p, n+ s)
−δilq
−(mn+np+ps)fjk(m+ p,−(n + s))− δjlq
(n−s)pfik(m+ p, n− s)
+δikδjlδm+p,0m+ δjkδilδm+p,0q
npm.
If n+ s ∈ Z \ Λ(q) and n− s ∈ Λ(q), then
[gij(m,n), hkl(p, s)]
= −δikq
−n(m+p)fjl(m+ p, s− n)− δjlq
























Similarly, if n+ s ∈ Λ(q) and n− s ∈ Z \ Λ(q)
[gij(m,n), hkl(p, s)]
= −δjkq





































































Using the same method, for Proposition 2.5 we have, if n+ s ∈ Λ(q),
[fij(m,n), fkl(p, s)]
= δjkq
npfil(m+ p, n + s)− δilq
smfkj(m+ p, n+ s)− δjkδilq
npδm+p,0m.





























−n(m+p)e0(m+ p, s− n) + τq
p(n−s)fik(m+ p, n− s)− τδikδm+p,0m.
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For Proposition 2.12, if n + s ∈ Λ(q) and n− s ∈ Λ(q),
[e0(m,n), e0(p, s)]
= −(qnp − qsm)e0(m+ p, n+ s)− (q
m(s−n) − q−n(m+p))e0(m+ p, s− n)
+δm+p,0q
npm− δm+p,0m.
If n+ s ∈ Z \ Λ(q) and n− s ∈ Λ(q), then
[e0(m,n), e0(p, s)]
= −(qnp − qsm)
(







−(qm(s−n) − q−n(m+p))e0(m+ p, s− n)− δm+p,0m.
If n+ s ∈ Λ(q) and n− s ∈ Z \ Λ(q)
[e0(m,n), e0(p, s)]












If n+ s, n− s ∈ Z \ Λ(q)
[e0(m,n), e0(p, s)]
= −(qnp − qsm)
(





























, for n ∈ Z \ Λ(q)
Gij(m,n) = gij(m,n), Hij(m,n) = hij(m,n),
Ei(m,n) = ei(m,n), E
∗












, for n ∈ Z \ Λ(q)
we have
Theorem 2.1 Vτ (N) is a module for the Lie superalgebra Ĝ under the action
given by (for τ = ±1)
pi(g˜ij(m,n)) = τGij(m,n), pi(f˜ij(m,n)) = Fij(m,n),
pi(h˜ij(m,n)) = τHij(m,n), pi(e˜i(m,n)) = τEi(m,n),
pi(e˜∗i (m,n)) = E
∗




, pi(cy) = 0.
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